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Resonance Topology 

Leo Michelotti 
Fermilab’, P.O.Box 500, Batavia, IL 60510 

1 Separatrix: a definition. 

It i hard to 6nd a 8ddactay rower to the question, ‘What, i* l m8.a 

nmce?” A typical i-apor.le i to rhar*cterbe rwonmle” by freq”ency-.p~e 

conditions of the lcmn, 

n,“,+m2wA+...+m@,+n=0, 11) 

for intsgml ml w+ and n. Thi defmition ia comect, bmt it ignoren rh*t 

shodd be the central feature of D rec.onsnce: its ~rpmtriz. The ntility of a 

sepa.*trix ia that it globally organkea the dynamica, enabling knultaraoua 

vbudimtion of JI the orbits and their rel&mahip. U reaonm~es are the 
building blocka of instability, then the sepratrir is ita mechsniam. Neverthe- 
km, eatabliabing the concept of a rparmtrix for higha dimenaionrl systems 
in not completely trivial. Careider, for example, Stwock’s conclusion that 
the Grst order (1,2) aextopole .eeonmce possesaea unbounded orbits thst 
pm arbitmvily close to the (phue space) origin, an error tbst wm come&d 
meetly by Ohmma.[6,B] Such anomalous behavior would require that the 
rmor.L”ce “01 eYeI po,,eu 8 scpanlti. 

The situation is confowd furths by the way that remnancea appear ia 
perturbalive cdeuhtiona, where they quickly become enmcahed in gueatiom 
of convergence via the %mdl denominator” problem. Tbi abnaat auggcsta 
that a remnmcc has mom to do with the way things M calculated thea with 
red, physical phenomena-the awt of (equally false?) fe4ing mc eometimn 
gets .boot m,mdisation in qou,tum Bcld theory. To oE& this we et,,- 
phasic that a separatrix ia I topological property of a veetm field. No 
continuous tmnsfwmation o, phme space, whether cmstrustd pc,tmrb.. 
lively or impid by God, em deform the orbits so w to m&e this property 
disappear. That in why a pmturbation expansion which ignores rewmm~a 
while meking to bring a Huniltonivl into normal hm mu.1 hi, (g,obd,g .,,d 
dmeat drays).’ Smdl +npm&tm M not the red pmblcm but only its 
manifest~tioo within the eontext of perturbation throw. Tbe nail problem 
is that we me attempting something fundament+ impasihle. 

To get a better feeling for our question and for whet is m@ed of .n .,,- 
me,, conaider the foollabg thought experiment. guppe th.t you .m given 
I onctc-cmc aymplectic mapping, F, defined over ~me fouFdimensional 
phue qxce and realied in an unspecikd ayntem of coordinates. (Think 
of F, for uample. u a trdcing pmgram that modela the Poinc& map of 
a 2$ degree of freedom Hmdkooian system.) Starting from any nomba 
of pointa in phase qm~e, you can cakolata forward or baclrwud iterates of 
F inhitdy quickly. Further, you have onlimited c~pabilitica for displaying 
the orbit, on a four-dimensional graphica tcrminrl. Given even these ex- 
traordinry toola, how would you test the Gmple hypothcaia ‘This aptem 
exhibita a &at order (I, *) aextupcde rcaonance”? What topalcqicd fe~twc~ 
of the upa..trix most he reSected in the ‘d.ta- in order to con6rm or deny 
mch . statement? 

Then ia not enough ap.ce in *abort p.,m like thii to premnt afu,, a,,rlyaL 
of thin pmbkm. We ahd short-cimlrit the process and simply mm& what is 
rded to de6ne the acp.t.trk of M intcpably .esot,ant dynmic~ system 
on I general gp-dimensional phase space; 8 mom thorough discuuion b being 
titkn.[b] (In what fcdbms, the word *mbit’ refen to the & of bmga and 
preimsgea of a phase space point onder the action of F; if P is some point 
in phrae space. then the ‘orbit tbmngh F ia the set U~=._[F”(P)).) 

ASSElWIONS: 

1. At the bigbeat lewd ~structm, thm ia l way of &ing gpdimer&mal 
phase apace along disjoint (p + I)-dimensional adisb&caOy invariant 
sob-m&folds. (This may amomt to little more thla restating intega- 
bity, which requires that there be p invarianta in involution. One of 
these is . Hamilto.irn; the other p - 1 label the imti,nt mudfolds.) 
We sh.1, call tbcas s&es %~es.*~ The inwiame property meana that 

WPwded by tbr “d”e”ilka Iln+urh .4..d*tio., 1.K .I?&. coatr..3 “ilk *be U.S. 
Doputmd dEme.,y. 

‘Even no, the fire* few Ionorder tmna ol an t~~ymptotic mrka which in- 
cloden mmmancen may contain omeful information on tbe m~maeopie &RC- 
lure of the Boa.,l,l, 

‘An extraordinary example of dividing a apace into Imet dimensional 
manifolda can bc foomd in A.Ssukii, ‘R’ ia tbe Union of Disjoint Cimk,” 
Ametim Mdkmded Monthly w(Q),ero (19.85). 

each orbit i contnincd within *single led. 

1. At the next level of structure, almost d bounded orbit. Lie on ptori 
(pdiicmiond tori). (Arnold’s theorem) 

1. A quid cha of ksonmt orbita” tic on ~1 finite ml of N-periodic 
(p-I)-toi for some IV. By *wing a (p-1).torw, TP-‘. ia N-periodic we 
mean that T’-’ is irsarirot under F” ( PN: TP-’ - TV-’ ). Joining 
tqether the T’-’ from all the Ieavea produces (fp - 2).dimensional 
%&a ofremnant orbita. 

, 
1. Each T*-’ that i ~nahhle forma a clod set for a act ol orbits lying 

on IWC-me~ure, pdiensiond manifolda. IIn modem terminology, they 
ye the ‘dpha and omega Limit nets’ of tbm orhita, whom manifolds 
g”edi.c the ‘stable” .nd *Im.tablc’ manifolds which M attlched to 
Bxed points. We shdl tik abasing the t/rminology and e.,, the,,, by 
the *MC name. 

6. The %epu.triY is the onion of sll the stable and unatable manifolds 
mlorag with the periodic tmi to which they are attached. It is tbcmfore a 
(lp- I)-dbnemiooal sorface, and it partitiona the lpdimenaional pbese 
.pwe, tberebr ming to arg~nire the dynamics. 

The topologies! description of a pmrticulu remnance ronalata of listing the 
rmiodic tori, the Tp-‘, and dcm+bing how the branches of the acparatrix 
mmeet them together. Testing a hypothesis, such u the one given above, 
coahts of finding tbeae atmctnren in the system of intmat. 

olco~rse, knowing what to look for ia not the ~~arne as knowing how to 6nd 
it. In two-dimensional phme apace+ an N-periodic Gtorua ia aimply a fixed 
point of the iterated mapping FN, and MY bred point algorithm employing 
Newton’s method (gradient aeurh) will uauslly locate it. (Of course, you 
mud <home a good starting point urd somehow specify the appmpriata NN. 
but once that i done, the algorithm convergea rapidly.) In ~ontiast to this 
happy dtu&m, there in no general purpose procedure for fmdiig higher 
diiemiomI periodic tori. The difficulty is that Hamiltonim ayatcma are 
symplectic: in I setme, resonant orbita are &n&m, but tic mcawv of 
their him ofottroction is rem. Think of Newton’s method ea a replseemcnt 
rule that mtbtitutes a contpctive mspping for e given one in such a way 
th.t .n .ttr.etm of tba fwmw in . Bxed point of the latter. Dora o .imi,ar 
de czi.1 ,m hi+ dimcn.ionol rcmnoncc,P We pose this a, a 

PROBLEM: Given I symplectic map, F, doea there exkt a dissipative 
mapping, G. conatrustible from F. such that nttr~~tom of G M periodic 
LOdOfF? 

a Separatrix: an example. 

To ilbtrate a” cl this, xe shall draw the acparstrix for the fmt order (I, 2) 
aertuple reacmlnce. Yiualising a four-dimensional figure like this ia a little 
involved, bot not impossible. One method is to take L q queoce of thme 
dimenkmd dices, much Y one would present a cube to a twwdimenaional 
creatatv by &ing il from bottom to top. Ofccome, WC most take mm care 
in armnging the &es; onr two-dbncnsional friend would form a distorted 
concept of a cobe were it presented akd dong a diagonal. We shaU obtain 
l god repmsenhtion cd the four-dimenaionaI dynamics by drexing tbc sep 
amtrir within ewh thme-dimcluiond led of Amertion 1 and observing ita 
bifm~tianm M WC pass through the leaven 

The model Hunikoonie.n, defined over a ponctored phase apace, L 

x=~,I,+~,,+rr:‘lr,~~.(s,+2~+nB+d, 

I, .nd Ia am .mplit.de vtiablea conjugak to the phase variablea 6, and 
&; B i the independent vuirble; the mm&era v and 4 M function& of the 
sextqole dltribution.[3] By a canonical trlnafomation we can desne new 
codi.1es 

J, = (I, + 21,)/S 
J, = (21, -1,)/S 
El = s,+za,+n%+o 
E* = 161-6, (4 
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Figwe 1: Projected slicea of a fonr-dimenaiond (I, 1) scpuatrlr. 

for which the HamiLonian function, K, is given by 

K = J,A + Jar + pr:“I~ COB (, ($1 

rhvc A z Y, + 115 + I .nd l-s 2y - a. It ia expected that A h a sm.,,, 
quantity. Indeed, for thin Hlmtitonim to be at aII interesting A most be 
andI enough so that JtA ia campuable in magnitude to the remnant tern. 
b does not appear in K. which meana that (a) the invariant tori run pua~e1 
to C and (b) Jz ia inwiant and CM label the hares. The Hamiltoniao Bow, 
projected along 6, is given by tkc vector Seld 

j, = gr:“I,.in~ 1 

( ‘I = A+~l;‘~‘(fh+l~,l)co.~, (41 

Reaonmt orbita of K arc projrctd into fixed points of Eq.s(l). We shall c& 
%gular’ these remnant orbits far which sin Et = 0 and %regular” tkac 
for which either I, = 0 or 1s = 0. 

Symmctricm d the projected Bow will allow aa to confine DILL attention, 
lo the p.rmeter qudrant: A > 0, g > 0. Ckuly, if we simultmw,u~,y 
change the sign of both these quantities. the Bow aimply changes direction. 
Changing the sign of g alone cam be compensated foor by the trrosfoormation 
21 - & + r. Finally, changing the mign of A .bme mounts to pcrlcm,,i,,~ 
both pwioua tranaformationa in .wces.ion. 

lm Iad, aa ia characteristic of textup& interactiona, there are redly no 
essential puamcter~ in the problem: both A md r can be made to vanish 
by I simple saling trsnafommtion. Let UI define I: E A/g, md meale the 
amplitude variable by 2. 

h.2 - JL.~/c’ ix,2 = Id=’ 

Then the level aetabich determine the topology o, the Bow-f the func. 
Lion 

K E $(K - J8T)/A’ = jl +i:iri2co.& 

M identical to those of K. Further, K can act aa a tme Hunilt.mien for 
the acaled variablea provided WC timultancoualy rwc& 0 + @As/d, 

The qmratti is sketched in Figure 1. Each frame shows its intersection 
with L single thmdimenabnd J2 le~pmjrcted &ng the & direction onto 
&he (Cl, JI) plane. li few points should be kept in mind while sc&ning these 
picturea. Fht, the (, uia comaponds not to J, = 0 bul to J, = -2J, 
(I, = O), when J, < 0, and to J, = jJ, (Ia = O), when J, > 0. Sem,d, 
the dynsmical range of <I is Or: WC M viewing only oncthird of the lull 
projection; each p&tore is repeated twice. Third, remember that I Waxed 
pink” in the diagram is the pmjeetion of a period-three I-tome, 6 closed 

Jl 

-b-L w 

(a) 

f I ; WC 

curve cormponds to a a-tom., .nd on open (unbounded) curve comaponds 
to a twc4monsional mmface. 

We mw describe the meparstrix (a) For Js large and negative all orbit8 
w-e unbounded except the imeeular reeonmut orbits, which ue pinned to 
La the mrfuc It = 0 at ph-ea C = *r/2. (b) Aa JS increaacs, a local 
bEurc.tion, or atrstmphe, occurs on the leal J, = -&s’. It ia heralded by 
the appearance ofa new brrncb olthc separatrix cannccted non-tranaucm,ly 
(formins L CUP) to a S-pniodic I-torus. (c) That torm splits, and for 
-&t’ < Js < -&R’ there i s Gmgle clam of bounded orbita. (d) A 
&bd bXw&ion, a snddleeitch, occnm on the Ice., J2 = -+‘. AL this 
precise “due, the wmfacr I, = 0 ia stable for phases that are l*-equivalent 
to the range r/l < & < 5./2. On the havea -+’ < J, < 0 rhere are 
ho chses of bmnded orbita. The Fmt, say Clam A, is u before and i. 
chuactarimd by s bounded phase, r/2 < 6, c S-/Z. The second, Clprr B, 
hu .n unboundedly increuin. phem C,. (A better way o~s+n8 this: C,s.a 
A orbits lie on S-periodic Z-tori, while C1a.r B orbita lie on invariant ~-tori. 
Or: &he undalying invari~t manifold of a CIass A orbit is disconnected.) 
The entire mrf.ce I, = 0 i. now ,ocaUy atab,.. (e) Fa 0 < J, < $2 
the CIM. A orbit. have dimppeeed; CIa,s B orbits M still bounded. (f) 
When # < J, Clam, B haa dimppeued ,s well. AL, orbita are once ,,,OPF 
unboonded, except the two onpinnd irremolar monant orbits in the +ne 
Is = 0 which begin at ft e I at Ja = AK’ and (8) wander to & z *n/2 u 
J,-03. 

3 Adiabatic resonance widths. 

Except for the irresolv remnant orbits pinned on 1% = 0 and I, = 0, 
the (1,f) msonann po~w no boonded arbita on the leavea for which 
J, < -& or +z’ < Js, rhereu krrccn these Icaves bounded orbits 51, 
meme vohmc ol phvc space. Thi i. the genera, behavior of a,, monances, 
except tbc qmdmpcde mamm.ncea far which alI orbits me &her bounded or 
unbomdcd: Lbe r&on of bounded orbits sk,wly shrinks m the mnancr is 
wpmubed. One qoamtitalive rn~~ure of this approach to global instability 
L the ~n~ce width: Ohmum baa pointed out that this term hss been 
wed in .wiely of bnprr*.. rays by different .uthom.lT] “w..ly speaking, 
it refera to the ha of the m4kmt arip in tune #pace which ia centered on the 
~~ne.rrce line, !%.(I), and outside ofwhich 8 beam is stable. Tkia definition 
remains mbiguout, because it depends on the aiac and shape of the beam 
Y well u on the experimcnt~ .etu-.g., on whether the -nance is 
approached adiabatically a the beam is euddenly injected into the resonant 
.‘tuation. In order to avoid bcmn pvmstem cntimly, we ahall aasociatc an 
‘adiabatic resonance width” with each individual orbit. That is, xc imagine 
inititiimg m orbit in phase space with control parametera set far from 
resxmn~e, then .ppmching the reaon~ce very &w,y, and Bnally noting 
when tkc orbit become. onboondd. 



O.IY) -I I 
o.t25- 

o.tm- 

= o.oR- 

o.oy)- ‘., \, 

‘. Y 
0.025- ‘, 

..** 
/- 

. 
. e- 
. .- 

o.m, 
-.o. -.02 0.w 0.02 0.04 0.06 o.cd 0.10 0.12 

Fig- 3: Remname width ma&r carve. 

For the (1. I) resonmce of DW am+ this means beginning with n w m 
and btting li - 0 on a mime SC& much Smater than max(,,v,, ,,,,), At 
s = m alI mbibita arc bmmic ovillatn orbita. the variablea 1,. h, J, snd 
J, UC consend srparatcly, md we cm I&xl am orbait with my two of the 
four initial mbes, Pia, Pi-, J’ ;” ..td Jj”.” Acccdii9 to the wmal .diab.tic 
theorema the variation olro orbit m r appmmhes mm will be rqulated by 
the adiabatic invariance afthe action integrals.ll] &cause J2 is a constant of 
motion for Sxed L, re cm take J2 = ah f J&a its&u the Srst adiabetic 
invarbnt. To the-second WC .ttacb the symbol A s f J,d&, whom v&c is 
A’” = OrJf”. 

what happens to an orbit u c elovly decrmaa dependa critically on 
the si9n of z*. For Ji” > 0 the diagrams of Figure Icg M the r&mm1 
one+ and we now must think of them aa flow diagruns for the pmjccted 
Hamiltonian (se* B+(S)) rather than mapping diagrams of the function F. 
As L deereme tbc seperatrix pushes downward. Each orbit mmlina on its 
bd, JI = Ji”, it maintaina its vah of A, snd it cromea the aeparatrix, tbua 
hemming unbounded, xbm the .,.x under the ~p.,atti hrs dec,e,md to 
A’“. 

For Ji” < 0 the hatioo L mmcb mom intermting, aa the ecparatrix 
conhim two branches. Fi.ren (1.-e) are now the ,&vant onea, but they 
must be 1ranra.d in reverse order. As s decreaaea fm,,, e, the upper branch 
pusbee downrmd, M before, but simultaneously a bobble, representing the 
lower branch of the rp-trix, corms and begins to gmv. As them two 
brancbcs ~rcm cl-. approaching their merger st the saddlcawitch (6’ = 
-4OJi”), orbita either we captared by the island or para through the upper 
branch, depending on their values for A’“. The total ama under the mddlc 
switch ia 4, = -(I5 + SSr/4)J;“. II A’” > A. the orbit p- tkmu~h 
the appcr branch of the rpuatrix; if 1’” < A.. then it is captmed by 
and .obm.qu.otly Lc& through the lover bmn.h. II the Intter happens, A 
oaderwea L dixontinooua chm9e .,pon prasage tbmogb the upar&ix, since 
only one of the three islands can aptmrv the orbit. (Remember, the period 
S property refera to the phe space mapping, not the tmnafomed Em.) Aa 
x continues to dmmse, the orbit will retain it* new value for A m the island 
lifts snd shrinks. Eventually-at l~me point before r’ = -SOJim-the island 
becomea too mm” to conkin the orbit. 

FQun 1 contains a 5na,ter curve,” drawn in the n.,r,,,a,ted (a-, 6) 
cmrdimtes, which usea this ventio to wign ~MIILIICC widths to individml 
orbits. The core xu computed by mnmrically intcpmting the area nnder 
the upper brrach oftbe rpuatrixcrheo -l/40 < 5 < l/IO and within the 
bland when -l/So < ,i < --L/U). It i amd in the fo,bwi,,g -.y. Snpp- 
one &sts am orbit at sc ss OJ with initial amplitude variabln Gm rod gn. 
To Smd the value of c at which the orbit become unbounded, Snt calculate 
J;” and Jp, osing Eq.s(Z), and take their r&o. The intemrtion of the ray 
l;“/A“ = Jf”/J:” with tbhc Ynuter c.,r& L now red .,a, call lb.1 point 
(i;“*,i;“‘). Tbe value of I at which the orbit becoma rmbmmdsd h 

For a given IcMnmt coupling, the adiabatk remname width of the orbit ia 
then dc1ermin.d .mordinn to 8A = 2m. 

A more dymr& picture ia obtained by removing the l/e? nom&a- 
tbn: the cmvc ol Figure 1 would be no longer static but weep through the 
(fi”,@) *pace, conv~ging on the arigio aa s appmexhea sem and making 
abita unbounded u it pupa their initial conditions. 
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Wccauae the system i linear for r = m xc cm le~itim~tcly amocistc fim 
and c” with the initial borimntal and vertical emittanca divided by 2r.15) 


